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Abstract. Cosmography provides a model-independent way to map the expansion history of
the Universe. In this paper we simulate a Euclid -like survey and explore cosmographic con-
straints from future Baryonic Acoustic Oscillations (BAO) observations. We derive general
expressions for the BAO transverse and radial modes and discuss the optimal order of the
cosmographic expansion that provide reliable cosmological constraints. Through constraints
on the deceleration and jerk parameters, we show that future BAO data have the potential
to provide a model-independent check of the cosmic acceleration as well as a discrimination
between the standard ΛCDM model and alternative mechanisms of cosmic acceleration.
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1 Introduction
Cosmic acceleration [1, 2] is certainly one of the most remarkable cosmological findings of the
last century. It is well known, however, that all evidence we have so far for this “dynamical
phase transition” in the cosmic expansion are indirect in the sense that they appear only in
the context of a given cosmological scenario.
In this regard, the determination of cosmographic parameters as well as their time
evolution provide a unique method to map the cosmic expansion in a model-independent way
and constitutes one of the major challenges in observational cosmology. Future surveys, like
Euclid [3] and J-PAS [4], may provide a variety of high-precision observations, which includes
distance measurements to Type Ia Supernovae, galaxy cluster abundance and measurements
of the baryonic acoustic oscillations (BAO), a generic feature of the power spectrum of large-
scale structure. In particular, BAO observations are valuable tracers of the cosmic expansion
and a powerful method for setting cosmological constraints (see, e.g., [5–7] and references
therein).
Our goal in this paper is to discuss the expected constraints of a cosmographic and,
therefore, model-independent analysis of future BAO observations. To this end, we use
Monte Carlo (MC) simulations of expected BAO data from a Euclid -like survey [3]. Future
BAO data from this kind of mission are supposed to be much more accurate than the present
data used in cosmological analysis and must reach redshift z ≈ 2, which is comparable to
the limit achievable nowadays with Type Ia supernovae. We use synthetic BAO data to
investigate the optimal order of the cosmographic expansion that must be used in order to
reliably constrain the main cosmographic parameters and map the cosmic expansion.
2 Cosmography
Cosmography relies on the assumption that the spacetime geometry is well described on large
scales by the Friedmann-Robertson-Walker line element. The key relation for this kind of
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approach is the Taylor expansion of the scale factor:
a(t)
a(t0)
= 1 +H0(t− t0)− q0
2
H20 (t− t0)2 +
j0
3!
H30 (t− t0)3
+
s0
4!
H40 (t− t0)4 +
l0
5!
H50 (t− t0)5 + O[(t− t0)6] (2.1)
where the Hubble (H), deceleration (q), jerk (j), snap (s) and lerk parameters are defined,
respectively, as
H(t) =
a˙
a
, q(t) = − 1
H2
a¨
a
, j(t) =
1
H3
...
a
a
,
s(t) =
1
H4
....
a
a
, l(t) =
1
H5
1
a
d5a
dt5
, (2.2)
and a dot stands for time derivative.
In Ref. [8, 9], the authors developed a comprehensive cosmographic analysis, paying
particular attention to two important issues concerning this approach, namely, the conver-
gence of the cosmographic series and the relation between the truncation order of the series
and the redshift extent of observational data. The former issue is an increasing source of
concern since cosmological observations at z & 1 are clearly beyond the convergence radius
of Eq. (2.1). A possible way to circumvent this problem was proposed in Ref. [10]. It consists
in parameterizing cosmological distances with a new variable
ζ =
z
(1 + z)
, (2.3)
so that the z-redshift interval [0,∞] converts in the ζ-redshift interval [0, 1], which encom-
passes the entire range of observations.
The latter issue arises because a low-order truncation of Eq. (2.1) can lead to wrong
estimates of the cosmographic parameters. Naturally, the higher the order considered the
more accurate approximation is obtained. However, this can be done only at the expenses of
increasing the number of parameters so that a very important aspect involving cosmographic
analyses is to determine the order of the expansion which maximizes the statistical signifi-
cance of the fit for a given data set (for some recent cosmographic analyses, see also [11] and
references therein).
3 BAO
Observations of baryonic acoustic oscillations in the clustering of galaxies provide an at-
tractive method for setting cosmological constraints [6, 7]. In this regard, upcoming BAO
measurements may provide larger and more precise data sets and, consequently, narrower
constraints on dark energy by decoupling the BAO transverse y and radial y′ modes, defined
as [12]
y(z) ≡ r(z)
rs(zr)
and y′(z) ≡ r
′(z)
rs(zr)
, (3.1)
where
• r(z) is the comoving distance to the redshift slice z;
• r′(z) ≡ dr(z)/dz = c/(H(z)) is the derivative of r(z);
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Figure 1: Showdown of the exact expressions for BAO quantities with cosmographic series
for the fiducial cosmological model used with Ωm = 0.259 and w = −1.12. Top: For z-
redshift; Bottom: For ζ-redshift. Top column: dimensionless transverse BAO mode y (∝ r);
Center column: dimensionless radial BAO mode y′(∝ r′); Bottom column: dimensionless
dilation scale DV . The solid line is the exact analytical expressions for the related quanti-
ties whereas dotted, dashed and dotdashed lines correspond, respectively, to two, three and
four cosmographic parameters series. The vertical dotdashed line is the maximum redshift
achievable with Euclid, i.e. z = 2.15 or equally ζ = 0.68.
• rs(zr) is the sound horizon at recombination:
rs(zr) =
1
H0
∫ ∞
zr
cs(z)
E(z)
dz , (3.2)
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with c the light velocity, cs the sound speed and zr the recombination epoch redshift.
Clearly, y′(z)−1 ∝ H(z) and y(z) ∝ r(z); so that we can write these quantities (i.e. H(z)
and r(z)) as cosmographic series, namely, series in the z− or ζ−redshift (see Appendix A).
Most of the current BAO data are obtained in different way. The position of the BAO
approximately constrains the ratio as: dz ≡ rs(zd)/DV (z), where rs(zd) is the comoving
sound horizon at the baryon drag epoch. Since current BAO data are not accurate enough
for extracting the information of the angular diameter distance DA(z) and H(z) separately,
one can only determine an effective volume distance, defined as [5]
DV (z,θ) =
[
(1 + z)2D2A
c z
H(z,θ)
]1/3
, (3.3)
where DA is the angular diameter distance and θ stands for the set of cosmological and/or
cosmographic parameters. The cosmographic expressions for the above quantity are provided
in the Appendix A.
3.1 Preliminary analysis
We performed a preliminary qualitative analysis in order to find out which is the optimal
order of cosmographic series one should adopt when working with BAO data lying in a given
redshift (z and ζ) interval. To calculate the exact cosmological analytical expressions of all
the quantities defined above, we assumed a fiducial model given by the WMAP7-year analysis
[20], i.e., a flat quiessence model [21] characterized by Ωm = 0.259
+0.099
−0.095 and w = −1.12+0.42−0.43.
As explained in Sec. II-B, such a model will also be used for creating our mock BAO data
sample.
Then we compare such exact expressions with the corresponding cosmographic series
up to the jerk (two cosmographic parameters), snap (three cosmographic parameters) and
lerk (four cosmographic parameters) order. From the cosmological fiducial model we used
to build up our data, we can easily find out what are the cosmographic parameter values
expected for this model (the procedure is explained in Appendix B):
q0 = −0.755+0.495−0.504, j0 = 1.448+1.738−1.779,
s0 = 0.730
+4.143
−4.235, l0 = 4.152
+8.478
−8.678. (3.4)
The errors are derived with propagation of the errors on the cosmological parameters, Ωm and
w0, and clearly show what is the main difficulty in using Cosmography: even very well con-
strained cosmological parameters can correspond to large uncertainties in the cosmographic
ones, being larger for higher order terms.
The results are shown in Figure 1. Considering the redshift range of a Euclid -like BAO
data, two main conclusions can be addressed: (i) it is absolutely necessary to conduct the
analysis in the ζ-redshift, as the z-redshift fails in the entire redshift range we want to explore;
and (ii) In principle, it is feasible and useful to extend the cosmographic analysis up to the
snap and lerk order, namely with three and four cosmographic parameters.
The transverse BAO mode y can be very well described with the third and fourth order
expressions being practically equivalent in the redshift range considered. On the other hand,
some aspects must be considered when dealing with the radial BAO mode y′. We note that
its use can be quite problematic, as the cosmographic series start to deviate in a consistent
way from the exact expression at ζ ≈ 0.4 (z ≈ 0.67), just where the sensibility of the Euclid
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survey makes the errors on the observed quantity more stringent. Even the actually measured
quantity DV shows a clear difficulty in matching cosmographic series with exact analytical
expression. All these features could translate in a non-optimal use of Cosmography for such
cases.
3.2 Mock data and statistical analysis
In order to perform our cosmographic analysis with BAO we generated our mock data based
on the fiducial model described earlier. As done in [16] we used the Initiative for Cosmology
(iCosmo) tool [17]. According to specifications of iCosmo, y and y′ are calculated by using
the fitting formulae of [18], with the sound horizon rs(zr) derived from [19], once one gives
the detail of the survey and a fiducial model. We have simulated the Euclid -like survey [3],
which is expected to cover 15000 sq. deg. and observe 6.1×107 galaxies in the redshift range
0.6 < z < 2.1. We have used the distribution of galaxies in [15]. We remind that, in order to
study the simulated observable quantity y, from its definition we also need to fix the value
of H0 = 74.2 km s
−1 Mpc−1 [14], of the sound horizon, rs = 143.738 Mpc (derived from
relation in [19] using our fiducial cosmological parameters) and the speed of light c = 299792
km s−1. The choice of H0 is completely non influential for results, and the same holds true
for the sound horizon rs(zr), which appears as the same factor both in mock data and the
theoretical quantity to be fitted. Furthermore, the procedure we have followed to create
our mock data (described below) automatically implements possible variations of rs in the
final total error on y and y′. In order to make our mock data not too close to the fiducial
model and to give them a more realistic dispersion, we have chosen the following algorithm:
we realized N = 200 simulations, randomly extracting the fiducial model parameters in the
range depicted by their errors; then, for any redshift value derived from the chosen galaxy
distribution, we extract the mean and the dispersion of the y and y′ distributions, and we
use them to characterize a Gaussian probability function. From this last one, we randomly
pick up the values reported in the Table 1.
With these data, we can define the χ2 function as:
χ2(θ) =
NBAO∑
i=1
(F(ζi,θ)−Fobs(ζi))2
σ2i
, (3.5)
where θ is the cosmographic parameters vector, and F will be in this case y(ζ,θ), as we
have specified in the previous section. To determine the best fit cosmographic parameters we
use a Markov Chain Monte Carlo (MCMC) method, following [22] to test the convergence of
each chain. We have tried to be as general as possible at the moment of giving a physically
viable prior, having finished with the only condition that y(ζ) > 0 all over the ζ-redshift
range [0; 1], which is a very general and natural choice. Finally, we performed our analysis in
three different redshift ranges: 0.1 ≤ z ≤ 2.15, i.e., assuming that a survey with a Euclid -like
sensibility can cover all this range; 0.6 ≤ z ≤ 2.15, which is the effective observable range of
the Euclid mission; and 0.1 ≤ z ≤ 0.75, which is the range actually covered by current BAO
observations [7].
In order to statistically compare our results, we calculate two quantities. One is the Fig-
ure of Merit (FoM), which is generally defined as the N -dimensional volume enclosed by the
confidence level contours of the parameters θ and written as: FoMθ = 1/
√
det Cov(θ) [23],
with Cov(θ) the covariance matrix of the considered theoretical parameters. We calculate
the FoM for (q0, j0), given that these are the only well-constrained cosmographic parameters.
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The other quantity is the Bayesian evidence, defined as the probability of the data D
given the model M with a set of parameters θ, E(M) = ∫ dθL(D|θ,M)pi(θ|M): pi(θ|M)
is the prior on the set of parameters, normalized to unity, and L(D|θ,M) is the likelihood
function. We impose flat priors on the estimated cosmographical parameters over sufficiently
wide ranges so that further increasing these ranges has no impact on the results. The evidence
is estimated using the algorithm given in Ref. [24]; to reduce the statistical noise we run the
algorithm several times to obtain a distribution of ∼ 100 values from which we extract the
best value of the evidence as the mean of such a distribution. Then, we calculate the Bayes
Factor, which is defined as the ratio of evidence of two models, Mi and Mj , Bij = Ei/Ej . If
Bij > 1, model Mi is preferred over Mj , given the data. In our case, the reference model
with the highest evidence is the two dimensional cosmographic series, for each one of redshift
ranges we considered.
As in the frequentist approach, where one compares the χ2 of given models and concludes
how significantly a model fits the data, in the Bayesian evidence framework one can assign
significance to the difference between models by using the Jeffreys Scale: if lnBij < 1 there
is not significant preference for the model with the highest evidence; if 1 < lnBij < 2.5 the
preference is substantial; if 2.5 < lnBij < 5 it is strong; if lnBij > 5 it is decisive.
4 Results and discussion
How can we quantify if the use of BAO data as a cosmographic tool is giving us reasonably
results? The easiest way is to compare the derived cosmographic best fit values shown in
Table 2 with the expected ones in Eq. (3.4) – see also Fig. 2. We can see that, the BAO-
reconstructed cosmographic parameter values are perfectly compatible with the expected
fiducial values, with differences arising mainly because of the realistic dispersion of data that
we have added to our mock sample. It is also clear that, even when such high-redshift BAO
data are implemented, we are not able to constrain more than two cosmographic parameters,
i.e., deceleration and jerk, while snap and lerk remain out of our possibilities. This is clearly
showed by the fact that snap and lerk best-fit estimations are very centered in zero and with
large tails in the probability distribution, and differ from the minimum χ2 values; a typical
feature of MCMC which means that these parameters cannot be constrained. The opposite
happens for deceleration and jerk.
The FoM values clearly confirm that as long as we add cosmographic parameters, the
parameter space volume increases and the constraining power decreases through degeneracies
between the parameters. The Bayes factor also does not show no striking evidence in favor
of the two dimensional case.
Notwithstanding, the use of high order expressions is fundamental in order to soften
possible biases in the estimation of deceleration and jerk. Indeed, we can see that estimates
from a two-parameter cosmographic series are very different from the expected fiducial values.
On the other hand, extending the series up to higher order makes us able to get just the
expected values (inside the 1σ confidence levels) at least for what it concerns deceleration
and jerk, still laking enough observational accuracy in order to assess a statistically valid
estimation for the other higher-order cosmographic parameters.
5 Final Remarks
In this paper, we have discussed BAO cosmography using simulated data from a Euclid -like
survey [3]. We have provided general expressions for the transversal and radial BAO modes y
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Figure 2: Showdown of y from cosmographic best-fits versus Euclid simulated data. Dashed
line: two parameters cosmographic series; dotted line: three parameters cosmographic series;
dot-dashed line: four cosmographic parameters series. Top panel: results for the entire
redshift range, [0.1; 2.15]. Center panel: results considering future Euclid redshift range,
[0.6; 2.15]; Bottom panel: results for the present observational BAO redshift range, [0.1; 0.75].
and y′ and discussed the feasibility of extending cosmographic series up to higher orders. As
mentioned earlier, finding the optimal order of these expansions is very important to reliably
reconstruct the cosmic scale factor in a model-independent way.
We have shown that high-redshift BAO data can place tight constraints on the deceler-
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Table 1: Euclid Mock data distribution for BAO
Redshift y σy y
′ σy′
0.1 2.758 0.616 27.153 3.676
0.25 6.742 0.250 25.449 1.477
0.35 9.214 0.200 24.877 0.892
0.45 11.578 0.180 23.147 0.617
0.55 13.904 0.169 22.347 0.462
0.65 16.107 0.162 20.915 0.364
0.75 18.105 0.158 19.681 0.299
0.85 19.938 0.156 18.496 0.252
0.95 21.699 0.156 17.347 0.218
1.05 23.341 0.157 16.583 0.191
1.15 25.138 0.158 15.434 0.171
1.25 26.481 0.160 14.744 0.154
1.35 27.515 0.169 13.815 0.147
1.45 29.381 0.185 13.207 0.145
1.55 30.963 0.209 12.481 0.149
1.65 31.371 0.240 11.904 0.156
1.75 32.904 0.281 11.217 0.168
1.85 34.028 0.338 10.899 0.186
1.95 34.790 0.417 10.294 0.212
2.05 35.645 0.529 9.752 0.250
2.15 37.341 0.693 9.344 0.303
ation and jerk parameters (see Table 2), which allows a (i) model-independent check of the
cosmic acceleration (q0 < 0) and (ii) a discrimination between the standard ΛCDM model
(j0 = 1) and alternative mechanisms of cosmic acceleration. As discussed, the next genera-
tion of redshift surveys will provide data sets with sufficient accuracy to map the history of
cosmic expansion in a model-independent way. In this regard, the forecasts presented here
clearly show that BAO cosmography can be useful.
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Table 2: Best fits cosmographic parameters. Column 1: series order: 2D− two cosmo-
graphic parameters; 3D− three cosmographic parameters; 4D− four cosmographic param-
eters. Column 2: redshift range. Column 3-4-5: best fit estimations (corresponding to
the median of MCMC-derived probability distributions). Column 6-7-8: values of cosmo-
graphic parameters corresponding to the minimum χ2; if they differ from median-derived
ones, the parameter is not constrained. Column 9: figure of merit for deceleration and jerk
(FoMq0j0 = 1/
√
det Covq0j0). Column 10: Bayes factor with respect to the 2 −D case for
each redshift range case.
z−range q0 j0 s0 l0 qmin0 jmin0 smin0 lmin0 FoMq0j0 lnBij
y − 2D −0.696+0.086−0.084 0.462+0.987−0.966 − − −0.697 0.467 − − 525.57 0
0.1− 2.15 y − 3D −0.764+0.051−0.046 1.774+0.296−0.321 0 .006+0 .233−0 .149 − −0.758 1.595 −2 .550 − 489.19 0.21
y − 4D −0.748+0.035−0.039 1.588+0.210−0.200 0 .004+0 .544−0 .346 −0 .050+0 .183−0 .692 −0.774 1.939 2 .232 −0 .127 98.84 0.23
y − 2D −0.711+0.101−0.101 0.627+1.194−1.134 − − −0.710 0.614 − − 408.53 0
0.65− 2.15 y − 3D −0.769+0.057−0.052 1.807+0.326−0.365 0 .005+0 .179−0 .207 − −0.785 1.954 0 .824 − 351.68 0.15
y − 4D −0.740+0.092−0.047 1.535+0.239−1.322 −0 .044+0 .352−7 .710 −0 .010+0 .108−0 .193 −0.758 1.711 1 .022 −0 .113 14.89 0.20
y − 2D −0.565+0.324−0.322 −1.434+4.502−3.913 − − −0.565 −1.438 − − 33.23 0
0.1− 0.75 y − 3D −0.565+0.033−0.040 0 .016+0 .293−0 .177 0 .009+0 .327−0 .220 − −0.634 0 .030 −11 .36 − − 0.06
y − 4D −0.536+0.032−0.051 0 .020+0 .310−0 .149 −0 .0004+0 .2084−0 .2368 −0 .004+0 .210−0 .232 −0.617 −0 .018 −7 .759 0 .065 − 0.27
6 Appendix A
We can express the BAO modes as cosmographic series, i.e., series in the ζ−redshift depend-
ing on the cosmographic parameters evaluated at ζ = 0. We have, for the ζ-redshift, the
dimensionless quantities (out of a factor c/H0):
H(ζ, q0, j0, s0, l0) ∝ Hζ0 +Hζ1ζ +Hζ2ζ2 +Hζ3ζ3 +Hζ4ζ4 (6.1)
Hζ0 = 1
Hζ1 = 1 + q0
Hζ2 =
1
2
(2 + 2q0 − q20 + j0)
Hζ3 =
1
6
(6 + 3q30 − 3q20 + 6q0 + 3j0 − 4j0q0 − s0)
Hζ4 =
1
24
(24− 15q40 + 12q30 − 12q20 + 24q0 − 4j20 + 12j0 − 16j0q0 + 25j0q20 − 4s0 + 7q0s0
+l0);
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r(ζ, q0, j0, s0, l0) = Rζ1ζ +Rζ2ζ2 +Rζ3ζ3 +Rζ4ζ4 +Rζ5ζ5 (6.2)
Rζ1 = 1
Rζ2 =
1
2
(1− q0)
Rζ3 =
1
6
(2− 2q0 + 3q20 − j0)
Rζ4 =
1
24
(6− 6q0 + 9q20 − 15q30 − 3j0 + 10q0j0 + s0)
Rζ5 =
1
120
(24− 24q0 + 36q20 − 60q30 + 105q40 − 12j0 + 10j20 + 40q0j0 − 105q20j0 + 4s0
−15q0s0 − l0);
and
DV (ζ, q0, j0, s0, l0) = Dζ1ζ +Dζ2ζ2 +Dζ3ζ3 +Dζ4ζ4 +Dζ5ζ5 (6.3)
Dζ1 = 1
Dζ2 =
1
3
(1− 2q0)
Dζ3 =
1
36
(7− 10q0 + 29q20 − 10j0)
Dζ4 =
1
324
(44− 57q0 + 117q20 − 376q30 − 39j0 + 258q0j0 + 27s0)
Dζ5 =
1
19440
(2017− 2492q0 + 4638q20 − 10460q30 + 35395q40 − 1536j0 + 3540j20 + 6990q0j0
−36300q20j0 + 702s0 − 5400q0s0);
The z−redshift expressions can be easily obtained by performing the variable change ζ → z
and making the series expansion.
7 Appendix B
The fiducial model used in the work is a quiessence cosmological model where the dimen-
sionless Hubble function reads:
E2(z) =
H2(z)
H20
= Ωm(1 + z)
3 + Ωx(1 + z)
3(1+w0), (7.1)
In order to determine the cosmographic parameters for such a model, we avoid integrating
H(z) to get a(t) by noting that d/dt = −(1 + z)H(z)d/dz. We can use such a relation to
evaluate (dH/dt, d2H/dt2, d3H/dt3) and convert the Eqs. (2.2) to redshift derivatives:
q(z) =
(1 + z)
2H2(z)
dH2(z)
dz
− 1, (7.2)
j(z) =
(1 + z)2
2H2(z)
d2H2(z)
dz2
− (1 + z)
2H2(z)
dH2(z)
dz
+ 1 . (7.3)
We then solve above equations and evaluate them at z = 0. For the snap and the lerk
parameters the expressions are much longer and involve the third and fourth order derivatives
of H2(z). After some algebra, and using the cosmological parameters Ωm and w0 that
characterize the chosen fiducial model, we have the set of values described in the paper.
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